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In this letter we consider the chiral Hall effect due to topologically protected kink states formed
in topological insulators at boundaries between domains with differing topological invariants. Such
systems include the surfaces of three dimensional topological insulators magnetically doped or in
proximity with ferromagnets, as well as certain two dimensional topological insulators. We analyze
the equilibrium charge current along the domain wall and show that it is equal to the sum of
counter-propagating equilibrium currents flowing along external boundaries of the domains. In
addition, we also calculate a dissipative current along the domain wall when an external voltage is
applied perpendicularly to the wall.
In recent years topological insulators and superconduc-
tors have attracted a considerable amount of attention,
[1–4] driven by both interest in their fundamental proper-
ties, and by potential applications for quantum comput-
ing and spintronics. The most visible consequence of a
topological insulator being in a topologically non-trivial
phase is the appearance of protected gapless edge states.
For a three-dimensional topological insulator these of-
ten manifest themselves as two-dimensional Dirac cones
for the electrons confined to the surface.[5] Magnetic
impurities can locally gap the surface states,[6] while
magnetic doping at a moderate level can open the gap
fully leading to massive Dirac fermions on the surface[7]
and interesting interface properties.[8, 9] Furthermore,
magnetic impurities can be either ferromagnetically or-
dered or disordered.[10–14] In turn, transport properties
of ferromagnet-topological insulator layers reveal large
magnetoresistance effects,[15, 16] which are interesting
from the application point of view. Of some interest are
also superconducting proximity effects which can be very
long ranged in the topological surface states.[17]
Consider a heterostructure consisting of a three-
dimensional topological insulator and a ferromagnetic
layer[18] with magnetic domains present. One can find
topologically protected states confined to the lines fol-
lowing the magnetic domain boundaries of the ferro-
magnet. These states have interesting properties and
may be relevant for the construction of novel spintronic
devices.[18] It has been shown that the presence of a
topological insulator beneath a thin ferromagnetic film
increases the Walker breakdown threshold for the mo-
tion of the domain walls in the ferromagnet.[19–21] This,
in turn, allows for increased domain wall velocities. Mag-
netisation dynamics and switching of ferromagnetic thin
films on topological insulators has also received a lot
of attention.[22–25] Similarly, heterostructures involving
topological insulators, heavy metals, and ferromagnets
FIG. 1. Schematic of a topological insulator-ferromagnet het-
erostructure. Two ferromagnetic domains with opposite mag-
netisation direction are placed on top of a topological insula-
tor. Edge currents along the domain wall and along external
boundaries of the domains are shown in yellow and purple
for the two ferromagnets. The topologically protected kink
states form on the surface of the topological insulator along
the domain wall boundary.
are also investigated for their spin torque properties and
potential applications.[26, 27]
In this paper, we consider the equilibrium current flow-
ing along the domain wall. This current is a sum of
two counter-propagating currents along the edges of the
two magnetic regions with opposite magnetisations, see
Fig. 1. In addition, we also consider the nonequilib-
rium current along the domain wall when a voltage is
applied across the domain wall (perpendicularly to the
wall), and calculate the anomalous Hall conductance for
the kink states confined to the domain wall. We ob-
tained good agreement with available experimental re-
sults. The anomalous Hall effect (AHE) exits in the ab-
sence of external magnetic field, and appears due to inter-
nal magnetisation.[28–35] Such effect can also be found in
two dimensional hexagonal lattices[36, 37], closely related
to the models we consider here. Recent experiments have
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2reported large AHE in topological insulators with prox-
imity induced magnetism.[38, 39] In the model studied
here the AHE appears due to a chiral magnetic structure
of the domain wall. Therefore, to distinguish is from the
usual AHE, we call it the chiral Hall effect (CHE).
The two-dimensional surface states of a three-
dimensional topological insulator, for example those of
Bi2Se3 or Bi2Te3, can be described in an appropriate
spin basis by a simple effective theory:[5] HTI = vk · σ,
where σ = (σx, σy, σz) are the Pauli spin matrices and
k = (kx, ky, 0) is the electron wavevector. The rescaled
velocity is v = ~vF with vF the Fermi velocity of the sur-
face states. For Bi2Se3 this is vF = 3.6×105 ms−1.[5, 40]
By placing a ferromagnet on top of the three-dimensional
topological insulator, see Fig. 1, the stray field from the
ferromagnet introduces a local Zeeman field, m(x, y) =
gM(x, y)zˆ, that is determined by the z-component of
magnetization Mz(x) (here g is the coupling constant),
which results in
HTI−FM = vkˆ · σ + m(x, y) · σ , (1)
with kˆ = −i(∂x, ∂y, 0). The stray field follows the struc-
ture of the magnetic domains in the ferromagnet, though
here we will focus on the simple situation,
m(x, y) = zˆm(x) = zˆ
{
m0 , x < 0 ,
−m0 , x ≥ 0 , (2)
valid for a continuous rotation of magnetization at the
domain wall, provided that the domain wall length is
shorter than the localisation length-scale of the kink
states. zˆ is a unit vector along the z-axis.
Additionally, we assume an electronic potential local-
ized at the domain wall: V (x) = V0 if |x| < δ and
V (x) = 0 if |x| ≥ δ, where 2δ is the barrier thick-
ness. Assuming κδ  1 (κ is an attenuation factor to
be defined below) one can consider V (x) as a δ potential,
and in this limit one may write V (x) → 2vλδ(x), where
λ = V0v δ. Finally, we assume a voltage applied across the
wall, µ(x) = −δµ if x < −δ and µ(x) = δµ for x > δ,
where µ is the relevant electrochemical potential. Thus,
the final form of the Hamiltonian is
Hˆ = −iv (σx∂x + σy∂y)+m(x)σz+2vλδ(x)−µ(x) . (3)
The Schro¨dinger equation for the spinor components of
the wavefunction ψT =
(
ϕ, χ
)
is (Hˆ − ε)ψ(r) = 0. Due
to the translational invariance along the y-axis we can
write ψ(r) = eikyyψky (x).
Let us now turn to the symmetries of the effective
model (3), and consider the homogeneous bulk form of
Eq.(3):
Hˆ = v (kxσx + kyσy) +mσz − µ . (4)
For m = µ = 0 we have time reversal symmetry [T , H] =
0 with T = iσyKˆ, which is broken for m 6= 0. This
should be clear for the heterostructure as in that case m
is caused by the stray field of a ferromagnet. There is a
particle-hole symmetry [C,H]+ = 0 for C = σxKˆ, which
is broken by the presence of a non-zero chemical potential
µ. Finally we still have chiral symmetry [P,H]+ = 0 with
P = CT = σz. Naturally this is broken for either non-
zero m or µ.
To find edge currents (equilibrium and nonequilibrium
ones) we need to find first the edge electronic states, and
first we consider the kink states bound to the domain
wall. The solutions on the either side of the barrier are
ψky (x >,< 0) =
A±e−κ±|x|√
2
(
ε± ∓m0
±iv(κ± ± ky)
)
, (5)
where vκ± = (m20 − ε2± + v2k2y)1/2, ε± = ε ± δµ, and
A± are parameters to be determined from the continuity
conditions. To match the solutions for x < −δ and x > δ,
we integrate the Schro¨dinger equation with Hamiltonian
(3) on x from x = −δ to x = δ, and then take the limit
δ → 0. Then we find for ψ = (ϕ, χ)T :
ϕ(δ)− ϕ(−δ) = −iλ
v
χ(0) (6)
χ(δ)− χ(−δ) = −iλ
v
ϕ(0) . (7)
One can take ϕ(0) = 12 [ϕ(δ) + ϕ(−δ)] and χ(0) =
1
2 [χ(δ) + χ(−δ)]. Solving the boundary conditions leads
to the following dispersion relation for the topologically
protected kink states (for m0 > 0),
ε =
vky(1− λ2)− 2m0λ
1 + λ2
√
1− δµ
2(1 + λ2)2
[m0(1− λ2) + 2λvky]2
,
(8)
and to the corresponding normalized wave functions,
ψky (x >,< 0) =
e−κ±|x|√
2N
1
λ+ γ±
(
1
±iγ±
)
, (9)
where γ± = vκ± ± ky/(ε± δµ∓m0), and
N = 1
2
√
1 + γ2+
κ+ (λ+ γ+)
2 +
1 + γ2−
κ− (λ+ γ−)
2 . (10)
The dispersion relation (8) simplifies in several limits.
For δµ = λ = 0 we have a trivial linear dispersion rela-
tion: ε = vky − µ. As we can see there is a symmetry
ε(ky) = −ε(−ky) but ε(ky) 6= ε(−ky). If we include a
potential barrier at the boundary, but take δµ = 0, then
ε =
vky(1− λ2)− 2m0λ
1 + λ2
. (11)
In turn, if we assume a nonzero δµ, but take λ = 0, then
the dispersion relation acquires the form
ε = vky
√
1− δµ
2
m20
. (12)
3Since our intention is to demonstrate that the equi-
librium current (for δµ = 0) along the domain wall is
formed from counter-propagating equilibrium currents at
the edges of the two ferromagnetic regions of opposite
magnetisation, see Fig. 1, we need to consider now the
electronic states at the boundary between the region un-
derneath the ferromagnet and where no ferromagnetic
layer is present. For this we use the Hamiltonian
HˆE = −iv (σx∂x + σy∂y) +m0 Θ(x)σz , (13)
where Θ(x) is the Heaviside theta function.
The Hamiltonian (13) has eigenstates HˆEψE = ψE,
and for x < 0 we find
ψEkx,ky (x) = ae
ikxx
(
1

v(kx−iky)
)
+ be−ikxx
(
1
−
v(kx+iky)
)
,
(14)
while for x > 0
ψEkx,ky (x) = ce
−κx
(
1
− i(−m0)v(κ−ky)
)
. (15)
The parameters a, b and c can be determined from the
continuity conditions of the wavefunctions at the bound-
ary x = 0. We note that |a|2 = |b|2, which is the condi-
tion for perfect reflection, as expected. The correspond-
ing eigenenergies are
 = ±v
√
k2x + k
2
y , (16)
and from conservation of energy we have the relation
vκ =
√
m20 − v2k2x. Note that translational invariance
along y prevents the mixing of different ky channels.
Having wavefunctions for the kink states localized at
the domain wall and those at boundaries of the ferromag-
net, we can calculate the currents. Let us analyze first
the equilibrium current, and start from the contribution
jEykx,ky to the equilibrium current along the boundary us-
ing the current operator jˆy = −evFσy:
jEykx,ky = −evF
∫ ∞
0
dxψE
†
σyψE . (17)
All contributions from x < 0 integrate to zero. We will
focus on the negative energy band only assuming the sys-
tem has its Fermi energy at zero. This leads to
jEykx,ky =
e
~
|c|2v2
m0 + v
√
k2x + k
2
y
vky
√
m20 − v2k2x −m20 + v2k2x
. (18)
As |m0| > |ε|, we see that sgn(jykx,ky ) = sgn(m0) sgn(ky).
However, since this is not an odd function of ky, there is
an equilibrium current which is proportional to sgn(m0)
as required. As there is only one state for every kx and
ky, we can take |a|2 = 1, and just the negative  states.
The total equilibrium current can be found from
JEy =
∫
dkx
2pi
dky
2pi
jEykx,ky . (19)
Note that the kx integral must be confined to 0 <
vkx < m0 and otherwise the limits are given by 0 <
v
√
k2x + k
2
y < ∆. ∆ is introduced as a cut-off for the
edge states. Performing the integral gives
JEy = − e
h
∆2
8pim0
[
|m0|
∆
√
1− m
2
0
∆2
− cos−1 |m0|
∆
+
pi
2
]
(20)
for the equilibrium current, which in the limit ∆ >> m0
reduces to
JEy ∼ − e
h
∆
8pi
sgn(m0) . (21)
The topological insulator-ferromagnet heterostructure
under consideration has a Chern number − sgnm0,
which can be related directly to the anomalous Hall
conductivity.[36, 37] In the model here rather than the
topologically protected states on the edges of the quan-
tum anomalous Hall insulator, we have kink states be-
tween two quantum anomalous Hall insulators with oppo-
site Chern numbers. Bearing in mind that we also intend
to calculate nonequilibrium chiral Hall effect, we derive
here general formula for current via the kink states, (9),
which includes generally both equilibrium and nonequi-
librium terms. Using the current operator along the do-
main wall, jˆy = −evFσy, we find the current due to a
state with momentum ky as
jyky = −evF
∫ ∞
−∞
dxψ†kyσ
yψky . (22)
Performing the integral we find
jyky = −
evF
2N 2
[
γ+
κ+ (λ+ γ+)
2 −
γ−
κ− (λ+ γ−)
2
]
. (23)
The total current is therefore
Jy =
∫ kµ
−∆v
dky
2pi
jyky , (24)
where εkµ = µ and the lower integral limit is added as a
cut-off of the order of magnitude where the kink-states
enter the bulk, for the numerical calculations we use ∆ =
m0.
In the limit of ∆ >> m0 we can find the equilibrium
current (for δµ = 0) along the DW,
Jy ∼ e
h
∆
4pi
sgn(m0) , (25)
for λ = 0. This is exactly twice the current along the
edges, in agreement with the conjecture that the current
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FIG. 2. Dissipative current along the domain wall Jy as
a function of the normalized bias eU/m0, calculated with
vF = 3.6 · 105 ms−1, m0 = 13.5 meV, and λ = 0. Increasing
bias increases the current until a maximum is reached, the
subsequent drop in current is caused by a suppression of the
wavefunction on one side of the barrier.
along the domain wall is formed from the currents along
the edges.
Now, we consider dissipative transport due to a voltage
applied across the domain wall. Such a voltage generates
not only the current flowing along normal to the wall, but
also current flowing along the wall. The latter is of par-
ticular interest as it involves topologically protected kink
states at the wall and reveals anomalous Hall transport
properties. Therefore, further analysis will be limited to
this current only. The linear response current can be
calculated from the formula
JyU = U
∫ kµ
−m0v
dky
2pi
∂jyky
∂U
∣∣∣∣∣
U=0
, (26)
where U = 2δµe is the voltage drop across the domain
wall. However, instead of using the above formula, we
will calculate Jy numerically from the exact expressions,
which also includes nonlinear range.
In Figs 2 and 3 we present Jy for several cases as a
function of the voltage drop U at the domain wall. We
take the Fermi velocity as approximately vF = 3.6 · 105
ms−1 from Ref. 40 and the gap induced in the topological
insulator surface states by the ferromagnets as m0 = 13.5
meV from Ref. 38. The fall in the current when U ex-
ceeds a certain value is caused by a suppression of the
wavefunction on one side of the barrier by increasing δµ.
For the barrier in Fig. 3 we used λ0 =
V0δ
v with V0 = 1
meV and δ = 1 nm. Fig. 2 also shows the optimal range
of the voltages for the current.
From Figs 2 and 3 one can extract the CHE conduc-
tance Gy in the linear response regime, and we find con-
sistent values of Gy = 0.18→ 0.20 e2/h, similar to those
measured in Ref. 38. Results for Gy in the linear response
range are summarized in Fig. 4. As expected changing
the chemical potential, and hence the filling of the kink
states, does not affect much the conductance. However,
a potential barrier at the domain wall makes it easier to
λ=��� λ�λ=��� λ�λ=��� λ�
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FIG. 3. Dissipative current along the domain wall Jy as a
function of the normalized bias eU/m0, calculated for vF =
3.6 · 105 ms−1, m0 = 13.5 meV, µ = 0, and λ0 = V0δv with
V0 = 1 meV and δ = 1 nm.
λ=��� λ�λ=��� λ�λ=��� λ�
��� ��� ��� ��� ��� �������
����
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FIG. 4. Linear chiral Hall conductance Gy as a function of
chemical potential µ for vF = 3.6 · 105 ms−1, m0 = 13.5 meV,
and λ0 =
V0δ
v
with V0 = 1 meV and δ = 1 nm.
form bound states increasing the density of kink states,
and hence increasing the conductance, see Fig. 4. Dif-
ferential conductance Gy in the whole bias range can be
determined from Figs 2 and 3 directly as Gy = ∂J
y
∂U .
In conclusion, we have calculated equilibrium cur-
rent in a three-dimensional topological insulator, flowing
along the domain wall in a ferromagnet placed on top.
This current flows through the topologically protected
kink states at the wall, and is shown to be a sum of
counter-propagating equilibrium currents flowing along
external edges of the two ferromagnetic domains with
opposite magnetisations. This current is non-dissipative
and may lead to an orbital magnetization, which is mea-
surable. When a voltage is applied across the barrier, a
dissipative current flows not only across the barrier, but
also along the barrier. The latter is a signature of the chi-
ral Hall effect associated with the topologically protected
kink states. The calculated conductance is in agreement
with available experimental data.
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